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COXETER TRANSFORMATIONS OF THE DERIVED
CATEGORIES OF COHERENT SHEAVES
XINHONG CHEN AND MING LU†
Abstract. In this paper, we study the Coxeter transformations of the derived
categories of coherent sheaves on smooth complete varieties. We first obtain
that if the rank of the Grothendieck group is finite, say m, then its characteris-
tic polynomials is (λ+(−1)n)m, where n is dimension of the variety. We then
study the Jordan canonical forms of the Coxeter transformations for rational
surfaces, smooth complete toric varieties with ample canonical or anticanon-
ical bundles, and prove that their Jordan canonical forms can determine and
be determined by the Betti numbers of these varieties. As an application, we
compute the Jordan canonical forms of tensor products of matrices.
1. Introduction
Coxeter transformations play an important role in the development of Lie group
and Lie algebra theory. For a compact Lie group, a Coxeter transformation or a
Coxeter element is defined to be the product of all the reflections in the root system
initially. H. S. Coxeter studies these elements and their eigenvalues in [17]. He also
observes that the number of roots in the corresponding root system is equal to the
product of the order of the Coxeter transformation (called the Coxeter number)
and the number of eigenvalues of the Coxeter transformation, which is proved by
A. J. Coleman in [13].
In [41, 43], V. F. Subbotin and R. B. Stekolshchik consider the eigenvalues and
the Jordan canonical forms of the Coxeter transformations for symmetrizable Car-
tan matrices. They prove that the Jordan canonical form of the Coxeter transfor-
mation is diagonal if and only if the Tits form is non-degenerate. For an extended
Dynkin diagram, the Jordan canonical form of the Coxeter transformation contains
only one 2 × 2 Jordan block and all eigenvalues have norm 1. They also prove
the following: if the Tits form is indefinite and degenerate, then the number of
two-dimensional Jordan blocks coincides with dimension of the kernel of the Tits
form, and the remaining Jordan blocks are 1 × 1. C. M. Ringel generalizes their
results to generalized Cartan matrices in [39], he shows that the spectral radius ρ
of the Coxeter transformation has norm greater than 1, and ρ is also an eigenvalue
with multiplicity one. A. J. Coleman computes characteristic polynomials for the
Coxeter transformations of all extended Dynkin diagrams, including the case with
cycles A˜n in [14]. There is a nice survey [42] on this subject and recent development
The Coxeter transformation is also important in the study of representations
of algebras, quivers, partially ordered sets (posets) and lattices, see [18, 19, 34,
33, 39]. Its distinguished role in these areas is related to the construction of the
Coxeter functors DTr (see [1]) and given by I. N. Bernstein, I. M. Gelfand and
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V. A. Ponomarev in [6]. Given any path algebra A with finite global dimension,
let CA be the Cartan matrix. It is well-known that the Coxeter transformation
coincides with −CtAC
−1
A . One interesting result is that the spectral radius ρ of
the Coxeter transformation is related to the representation type of the hereditary
algebra. Concretely, let A be a hereditary algebra. Then
• A is representation-finite if ρA = 1 and 1 is not a root of the Coxeter polynomial
χA.
• A is tame if ρA = 1 ∈ Roots(χA).
• A is wild if ρA > 1.
When we consider the bounded derived category of a finite dimensional algebra
A and its Grothendieck group, the Coxeter transformation is just the linear trans-
formation on the Grothendieck group induced by the functor SA[−1] (see, e.g., [30]),
where SA is the Serre functor (see [8]) and [−1] is the inverse of the shift functor
which is denoted by [1]. So in general, we can define the Coxeter transformation of a
triangulated category with Serre functor S to be the linear transformation induced
by the functor S[−1] on Grothendieck group. It is an invariant under triangulated
equivalences. About the derived equivalences of rings and algebras, J. Rickard get
interesting results in [37, 38].
Besides the bounded derived categories of finite dimensional algebras (see, e.g.,
[24]), another important class of triangulated categories is the bounded derived
categories of coherent sheaves on (smooth projective) varieties, see, e.g., [9, 11]. An
interesting question is when the derived category of a variety is equivalent to the
one of a finite dimensional algebra. In 1970’s, A. A. Beilinson constructs an algebra
derived equivalent to Pn, in this case, tilting sheaves play an important role. In
[7, 8], A. I. Bondal and M. M. Kapranov give an useful method to find a tilting
sheaf: (strongly) exceptional sequences of sheaves (in particular line bundles). Af-
ter that, many smooth complete varieties are found to admit a strongly exceptional
sequences of line bundles, and most of them are smooth complete toric varieties,
[28, 29, 35, 36]. A. King conjectures that all smooth toric varieties admit a strongly
exceptional sequence of line bundles in [29], but this is proved false by L. Hille and
M. Perling in [27].
By Serre duality [26], we know that the derived categories of smooth complete
varieties admit Serre functors, so we can define the Coxeter transformations for
them.
The main goal of this paper is to investigate the Coxeter transformation of the
derived category of coherent sheaves on smooth complete varieties. We compute
their characteristic polynomials and Jordan canonical forms. We also find relations
between these invariants and the geometric properties of the varieties. These in-
variants give necessary conditions for the bounded derived category of a smooth
variety X to be triangulated equivalent to the bounded derived category of a finite
dimensional algebra A.
The paper is organized as follows. In Section 2, we recall some basic properties of
smooth varieties and facts needed for our main results. In Section 3, we prove that
if the rank of the Grothendieck group of a smooth complete variety of dimension n
is finite, say m, then the characteristic polynomial of the Coxeter transformation
is (λ + (−1)n)m, see Theorem 3.1.
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In Section 4, we study the Jordan canonical forms of Coxeter transformations.
We first prove that for a smooth complete toric variety with ample canonical or
anticanonical sheaf, its Betti numbers are uniquely determined by and also deter-
mine the number of the Jordan blocks in the Jordan canonical form of the Coxeter
transformation and their dimensions, see Theorem 4.9. We then prove that for a
rational surface, the number of the Jordan blocks is equal to the rank of the Pi-
card group; furthermore if the rank of the Picard group is not 10, then the Jordan
canonical form of the Coxeter transformation contains only one Jordan block of di-
mension 3, and the others are of dimension one; otherwise, it has two Jordan block
of dimension 2, and the others are of dimension 1, see Theorem 4.16. As a corollary,
if a rational surface or a smooth complete toric variety X with ample canonical or
anticanonical divisor is derived equivalent to a finite dimensional algebra A, then
the Betti numbers of X are determined by the matrix −CtAC
−1
A , see Corollary 4.17.
In the final Section 5, we first prove that for two smooth toric varieties X and
Y , if the Jordan canonical form of the Coxeter transformations of X and Y are⊕t1
i=1 J
X
i and
⊕t2
j=1 J
Y
j respectively, then the sizes and number of Jordan blocks in
the Jordan canonical form of the Coxeter transformation of X × Y are the same as
that of
⊕t1,t2
i,j=1 J
X
i ⊠ J
Y
j , see Proposition 5.3. We then give a formula to compute
the Jordan canonical form for tensor product of invertible matrices, see Proposition
5.4. This formula generalizes a formula for the tensor product of two matrices in
[31] and it is useful to construct graded local Frobenius algebras.
Acknowledgement 1.1. The authors deeply thank their supervisors Professor Bin
Zhang and Professor Liangang Peng for helpful discussions.
2. Preliminaries
Throughout this paper, we assume that the ground field k is an algebraically
closed field of characteristic 0.
Let X be a variety over k. The category of coherent sheaves on X is denoted
by Coh(X). The locally free coherent sheaves on X are called Vector bundles, and
they form a full subcategory of Coh(X) which is denoted by Vec(X).
Definition 2.1. The Grothendieck group of coherent sheaves on a variety X,
denoted by G0(X), is defined to be generated by [F ], the isomorphism classes of
coherent sheaves on X, subject to the relations [F ] = [F ′] + [F ′′] for every exact
sequence
0→ F ′ → F → F ′′ → 0.
Similarly, we have the following definition.
Definition 2.2. The Grothendieck group of vector bundles on a variety X, denoted
by K0(X), is defined to be generated by [E], the isomorphism classes of vector
bundles on X, subject to the relations [E] = [E′] + E′′ for every exact sequence
0→ E′ → E→ E′′ → 0.
In the affine case, every short exact sequence of vector bundles splits. Therefore,
K0(X) = K0(A) for an affine varietyX = SpecA, whereK0(A) is the Grothendieck
group of projective modules over A, see [12].
The embedding of the category of vector bundles on X into the category of
coherent sheaves induces the Cartan homomorphism
K0(X)→ G0(X).
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This homomorphism is in general neither injective nor surjective, but for a smooth
variety X , it is an isomorphism.
Theorem 2.3. (see, e.g., [12]) For a smooth variety, the Cartan homomorphism
is an isomorphism.
Therefore, for a smooth variety X , we do not distinguish between G0(X) and
K0(X), and just use K0(X) to denote it.
We denote the bounded derived category of coherent sheaves onX byDb(Coh(X))
or just Db(X). It is well known that Db(X) is a triangulated category with shift
functor [1]. The Grothendieck group of Db(X) is defined to be generated by the
isomorphism class of complexes of coherent sheaves, subject to the distinguished
triangles.
The following lemma is well-known.
Lemma 2.4. Let X be a variety over k. Then the Grothendieck group of Db(X) is
isomorphic to G0(X). In particular, if X is smooth, then the Grothendieck group
of Db(X) is isomorphic to K0(X).
In fact, for any abelian category A, we have that the Grothendieck group
of Db(A) is isomorphic to K0(A). For this reason, we do not distinguish the
Grothendieck group of Db(A) and K0(A) in the following.
The tensor product of vector bundles induces a commutative ring structure on
K0(X), we call it the Grothendieck ring of X . In general, G0(X) is a K0(X)-
module.
Remark 2.5. ([26]) Even though X is a smooth complete variety of dimension
n, we know that the Grothendieck group K0(X) is possibly huge, i.e., with infinite
rank.
In the following, we recall basic facts of Chow groups of varieties, see [22]. Let
Zk(X) denote the group of k-dimensional algebraic cycles on a variety X .
The corresponding quotient group of Zk(X) modulo the rational equivalences is
called the Chow group of k-cycles, denoted by Ak(X). Let
A∗(X) =
n⊕
i=1
Ak(X), n = dimX.
For a general (not necessarily smooth) complete n-dimensional variety X , the
group of cycles of codimension k modulo rational equivalence is denoted by CHk(X) =
An−k(X). If in addition X is smooth, then there is a product
CHk(X)× CHl(X)→ CHk+l(X), (V1, V2) 7→ δ
∗(V1 × V2)
where δ : X → X ×X is the diagonal embedding. It coincides with the geometric
intersection of cycles in the case of transverse intersections. We denote this product
by α·β for α ∈ CHk(X) and β ∈ CHl(X). This product corresponds to cup product
in cohomology, and there is a ring homomorphism
CH∗(X)→ H∗(X,Z).
But this morphism is neither monomorphic nor epimorphic in general, [12].
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Let X be a variety of dimension n. The Chern character ch(E) of a vector bundle
E of rank r is given by
ch(E) =
∞∑
k=0
pk(E)
k!
∈ CH∗(X)Q,
where
pk(E) = x1(E)
k + · · ·+ xr(E)
k, xi(E)
′s are the chern roots of E.
In particular, for a line bundle L and its corresponding Cartier divisor D on X , we
have
ch(L) = 1 + c1(L) +
c1(L)
2
2!
+ · · ·+
c1(L)
n
n!
= 1 +D +
D2
2!
+ · · ·+
Dn
n!
, n = dim(X).
For an abelian group B, we use the notation BQ := B ⊗Q.
Theorem 2.6. ([12, 22]) Let X be a smooth complete variety. There is a ring
isomorphism
(chX)Q : K0(X)Q → CH
∗(X)Q, [E] 7→ chX(E).
For a normal variety X , the sheaf of Zariski p-forms is defined to be
ΩˆpX = (Ω
p
X)
∨∨ = j∗Ω
p
U0
,
where j : U0 →֒ X is the inclusion of the smooth locus of X .
Definition 2.7. (see, e.g., [26]) The canonical sheaf of a normal variety X is
ωX = Ωˆ
n
X , where n is the dimension of X. This is a reflexive sheaf of rank 1,
so that ωX ∼= OX(D) for some Weil divisor D on X. This divisor is called the
canonical divisor of X, denoted by KX .
Notice that for a smooth variety X , the canonical divisor is a Cartier divisor.
Theorem 2.8 (Serre duality). (see, e.g., [26]) Let ωX be the canonical sheaf of
a complete normal Cohen-Macaulay variety X of dimension n. Then for every
coherent sheaf F on X, there is a natural isomorphism
DHp(X,F) ≃ Extn−pOX (F , ωX),
where D = Hom(−, k) is the duality functor.
So for any F ,G onX , there is a natural isomorphismDHomOX (G,F) ≃ Ext
n
OX
(F ,G⊗
ωX). This motivates the following definition.
Definition 2.9 (Serre functor). ([8]) Let A be a k-linear Hom-finite category. An
autoequivalent functor SA is called a Serre functor of A, if there exists a natural
isomorphism
DHomA(X,Y ) ∼= HomA(Y, SAX)
for any object X,Y ∈ A, where D = Hom(−, k).
In particular, a Serre functor is unique up to a natural isomorphism.
When we consider the bounded derived category Db(X) for a smooth complete
variety X of dimension n, by Theorem 2.8, we know that Db(X) has a Serre functor
−⊗OX ωX [n]. The importance of the existence of Serre functor in a Krull-Schmidt
triangulated category is that it is equivalent to the existence of Auslander-Reiten
triangles in it. The Auslander-Reiten functor is equivalent to SA[−1], so the functor
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− ⊗ ωX [n − 1] is the Auslander-Reiten functor of D
b(X). In the case of finite
dimensional algebras, the Coxeter transformations are defined to be induced by
the Auslander-Reiten functors on Grothendieck groups. So we have the following
definition similar to that of finite dimensional algebras.
Definition 2.10. Let X be a smooth complete variety of dimension n and ωX be its
canonical sheaf. Then the transformation induced by −⊗ ωX [n− 1] on K0(X)Q is
called the Coxeter transformation of X. Furthermore, if the rational Grothendieck
group K0(X)Q is finite dimensional, then the characteristic polynomial of the Cox-
eter transformation is called the Coxeter polynomial of X.
If two triangulated categories with Serre functors are triangulated equivalent,
then their Grothendieck groups are isomorphic and equivalent functors commute
with Serre functors. It is easy to see that the Coxeter polynomial is an invariant of
triangulated equivalences.
3. Coxeter polynomials
In Section 2, we define the Coxeter polynomials for a smooth complete variety.
In this Section, we compute it explicitly.
Theorem 3.1. Let X be a smooth complete variety of dimension n and the rank
m of the Grothendieck group K0(X) be finite. Then the Coxeter polynomial of X
is (λ + (−1)n)m. In particular, all eigenvalues of the Coxeter transformation are
(−1)n−1.
Proof. Because X is a smooth complete variety, we have the following ring isomor-
phism
(chX)Q : K0(X)Q → CH
∗(X)Q, [E] 7→ chX(E).
The Coxeter polynomial is the characteristic polynomial of the induced lin-
ear transformation Φ on Grothendieck group by the Auslander-Reiten functor
−⊗ ωX [n− 1]. For any object W
∗ ∈ Db(X), we have [W ∗[n− 1]] = (−1)n−1[W ∗],
so we only need compute the induced linear transformation Φ′ on Grothendieck
group by the functor − ⊗ ωX . The eigenvalues of Φ are the ones of Φ
′ multiplied
by (−1)n−1.
Let Ψ be the induced transformation on CH∗(X)Q by the intersection product
with chX(ωX). For any vector bundle W on X , we have
(chX)QΦ
′([W ]) = (chX)Q([W ⊗ ωX ])
= (chX)Q([W ]) · (chX)Q([ωX ])
= Ψ(chX)Q([W ]).
Because K0(X) is generated by vector bundles, we have the following commutative
diagram.
K0(X)Q
(chX )Q //
Φ′

CH∗(X)Q
Ψ

K0(X)Q
(chX )Q // CH∗(X)Q
Since (chX)Q is an isomorphism, it is easy to see that the matrix representing the
linear transformation Φ′ is similar to the matrix representing Ψ, so we only need
compute the eigenvalues of Ψ.
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For any element [Ei] ∈ CH
i(X)Q, [Fj ] ∈ CH
j(X)Q, we have
[Ei] · [Fj ] ∈ CH
i+j(X)Q and Ψ([Ei]) = [Ei · (chX(ωX))].
Since ωX = O(KX),
chX(OX(KX)) = 1 + (KX) +
(KX)
2
2!
+ · · ·+
(KX)
n
n!
∈ CH∗(X,Q).
Let bi be the rank of CH
i(X). We choose classes [Eij ] ∈ CH
i(X) for 0 ≤ i ≤ n,
1 ≤ j ≤ bi, such that {[Eij ]|j = 1, . . . , bi} form a basis of CH
i(X)Q.
For any element [Eij ],
Ψ([Eij ]) = [Eij · (chX(ωX))] = [Eij ] + [Eij ·KX ] + · · ·+
[Eij ·K
n−i
X ]
(n− i)!
.
Using this basis, we can write Ψ([Eij ]) as a linear combination of
{Ekl|0 ≤ k ≤ n, 1 ≤ l ≤ bk}.
For [Eij · (KX)
k] ∈ CHi+k(X), it is a linear combination of [E(i+k)l] since
{[E(i+k)l]|1 ≤ l ≤ bi+k}
is a basis of CHi+k(X). So the matrix representing Ψ under the basis [Eij ] is an
m×m upper triangular matrix with 1 in the diagonal. So all the eigenvalues of Ψ
are 1. Furthermore, we know that the Coxeter polynomial is (λ + (−1)n)m. The
proof is complete. 
The following definition is practically important to find an algebra derived equiv-
alent to a smooth projective variety.
Definition 3.2. ([4, 8]) A coherent sheaf T on a smooth projective variety X is
called a tilting sheaf if
(1) It has no higher self-extensions, i.e. Exti(T, T ) = 0 for all i > 0,
(2) The endomorphism algebra of T , A = HomX(T, T ), has finite global homo-
logical dimension,
(3) the direct summands of T generate the bounded derived category Db(X).
The importance of tilting sheaf is that it induces an equivalence between Db(X)
and Db(A) (the bounded derived category of finite generated right A-modules). If
T is a vector bundle, we call it a tilting bundle. If Db(X) admits a tilting sheaf,
then its Grothendieck group is free.
For a finite dimensional algebra with finite global dimension, it is well-known that
Db(A) admits Auslander-Reiten triangles such that the Auslander-Reiten transla-
tion τ is an equivalence, see [24, 25]. On the level of the Grothendieck group, τ
induces the Coxeter transformation ΦA.
Let S1, . . . , Sn be a complete system of pairwise non-isomorphic simpleA-modules,
P1, . . . , Pn be the corresponding projective covers and I1, . . . , In be the injective
envelopes. The integers cij = dimk Hom(Pi, Pj) yield an integral n × n matrix
CA = (cij) with the property that Φ = −C
t
AC
−1
A represents the Coxeter transfor-
mation ΦA under the basis of K0(A) formed by the classes [P1], . . . , [Pn].
From Theorem 3.1, we have the following corollary directly.
Corollary 3.3. Let A be a finite dimensional algebra over k with finite global
dimension. If Db(A) is triangulated equivalent to a bounded derived category of a
smooth complete variety, then all the eigenvalues of the Coxeter transformation of
A are equal, either 1 or −1.
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Proof. We only need the fact that the Grothendieck group of a finite dimensional
algebra is free and its rank is finite. 
Example 3.4. Let ~Q be the following quiver:
◦1
r11 //
r12 //
...
r1n
//
◦2
r21 //
r22 //
...
r2n
//
◦3 · · · ◦n−1
r(n−1)1 //
r(n−1)2 //
...
r(n−1)n
//
◦n .
For any path α = rsis ◦ r(s+1)is+1 ◦ · · · ◦ rtit , where 1 ≤ s < t ≤ n − 1 and
1 ≤ ij ≤ n, s ≤ j ≤ t, we associate a monomial X
α = xisxis+1 · · ·xit to α in
C[x1, . . . , xn]. Let A = k ~Q/I, where I = 〈α− β|X
α = Xβ in C[x1, . . . , xn]〉. A. A.
Beilinson proves that Db(A) is equivalent to Db(Pn−1) in [4]. By Theorem 3.1, we
know that the Coxeter polynomial of A is (λ + (−1)n−1)n.
For a fixed variety, it is very difficult to find a finite dimensional algebra which
is derived equivalent to it. L. Costa and R. M. Miro´-Roig proved that the following
toric varieties have tilting bundles whose summands are line bundles, see [15].
(i) Any d-dimensional smooth complete toric variety with splitting fan.
(ii) Any d-dimensional smooth complete toric variety with Picard number ≤ 2.
(iii) del Pezzo toric surfaces.
L. Hille and M. Perling prove that any smooth complete rational surface which
can be obtained by blowing up a Hirzebruch surface Fa two-times in several points,
also has a tilting bundle whose summands are line bundles. See [28, 35, 36].
Example 3.5. Let X be a variety which can be obtained from P2 by blowing up
one-time in t points. Let ~Q be the following quiver:
◦2
1
❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
◦2
2
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
◦1
@@✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂
88qqqqqqqqqqqqqq
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁
... ◦3 //
//// ◦4.
◦2
t−1
88qqqqqqqqqqqqq
88qqqqqqqqqqqqq
◦2
t
@@✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂
@@✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂✂
When t = 0, there are just three arrows from vertex 1 to vertex 3. When t = 1,
there is additionally one arrow b from vertex 1 to vertex 3, at this time, the quiver
is as the following diagram shows.
◦2
1
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
◦1
88♣♣♣♣♣♣♣♣♣♣♣♣♣ b // ◦3 //
//// ◦4
From [36], we know that Db(X) is equivalent to Db(A), where A = k ~Q/I, I is
described in Section 7 in [36]. By Theorem 3.1, we know that the Coxeter polynomial
of A is (λ+ 1)t+3 since the rank of the Grothendieck group of A is t+ 3.
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4. The Jordan canonical form of the Coxeter transformation
We prove in the previous section that for a smooth complete variety X , the
Coxeter transformation of X is a linear transformation with eigenvalues 1 or −1.
In this section, we compute its Jordan canonical form. It is also an invariant under
derived equivalences.
For an integer s ≥ 1 and an element α ∈ C or k, let
J(α, s) =

α 1
. . .
. . .
α 1
α
 .
which is the Jordan block of dimension s with eigenvalues α.
4.1. Further Preliminaries. First, we recall some definitions and facts about
Fano varieties and toric varieties.
Definition 4.1. (see, e.g., [16]) A complete normal variety X is said to be a
Gorenstein Fano variety if the anticanonical divisor −KX is Cartier and ample.
Thus Gorenstein Fano varieties are projective.
In this subsection, we always assume that N is a lattice of rank n.
Definition 4.2. ([16, 21]) A toric variety is an irreducible normal variety X con-
taining a torus TN ≃ (C
∗)n as a Zariski open subset such that the multiplication of
TN on itself extends to an algebraic action of TN on X.
By the theory of toric varieties, such a toric variety X is characterized by a fan
Σ := Σ(X) of strongly convex polyhedral cones in NR if X is normally separated.
Definition 4.3. ([16, 21]) A Convex polyhedral cone in NR is a set of the form
σ = Cone(S) = {
∑
u∈S
λuu |λu ≥ 0} ⊆ NR,
where S ⊆ NR is finite. A convex polyhedral cone σ is called strongly convex if σ
contains no linear subspace. It is called rational if S ⊆ N .
In this paper, we always consider strongly convex rational polyhedral cones and
call it cone for simplicity.
Definition 4.4. A fan in NR is a finite collection of cones σ ⊆ NR such that:
(a) Every σ ∈ Σ is a strongly convex rational polyhedral cone.
(b) For all σ ∈ Σ, each face of σ is also in Σ.
(c) For all σ1, σ2 ∈ Σ, the intersection σ1 ∩ σ2 is a face of each.
Let M := HomZ(N,Z) be the dual lattice. For any cone σ, denote σ
∨ the dual
cone in MR by
σ∨ = {m|〈m,u〉 ≥ 0, for any u ∈ σ}.
σ∨ is also strongly convex if σ is strongly convex.
m = (m1, . . . ,mn) ∈M gives a character χ
m : TN → C
∗ defined by
χm(t1, . . . , tn) = t
m1
1 · · · t
mn
n .
In this way, M is the character lattice of TN . So for any semigroup S ⊆ M , its
semigroup algebra is
C[S] = {
∑
m∈S
cmχ
m | cm ∈ C and cm = 0 for all but finitely many m},
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with multiplication induced by
χm · χm
′
= χm+m
′
.
A face τ of σ is given by τ = σ∩Hm, wherem ∈ σ
∨ and Hm = {u ∈ NR|〈m,u〉 =
0} is the hyperplane defined by m. Let Sσ = σ
∨ ∩M be the semigroup. Then
Sτ = Sσ + Z(−m) and C[Sτ ] is the localization C[Sσ]χm .
To every cone σ ∈ Σ, there is an affine variety Uσ := Spec(C[σ
∨ ∩M ]) . If τ
is a face of σ, then we have a natural embedding Uτ →֒ Uσ. Now consider the
collection of affine toric varieties Uσ = Spec(C[Sσ]), where σ runs over all cones in
a fan Σ. Let σ1 and σ2 be any two of these cones and let τ = σ1 ∩ σ2. We have an
isomorphism
gσ2,σ1 : (Uσ1)χm ≃ (Uσ2)χ−m
which is the identity on Uτ . Define XΣ to be the variety glued by the affine varieties
Uσ along the subvarieties (Uσ)χm , see ([12, 16, 21]).
The variety XΣ is a normally separated toric variety for a fan Σ in NR. If Σ is
complete, then XΣ is compact in the classical topology.
Let
σ⊥ = {m|〈m,u〉 = 0, for any u ∈ σ}.
For any cone σ in NR, points of Uσ are in bijective correspondence with semigroup
homomorphisms γ : Sσ → C. For each cone σ, we have a point of Uσ defined by
m ∈ Sσ 7→
{
1 m ∈ Sσ ∩ σ
⊥ = σ⊥ ∩M
0 otherwise.
We denote this point by γσ and call it the distinguished point corresponding to σ.
Now, by the TN -action on XΣ, we see that each cone σ ∈ Σ corresponds to a torus
orbit
O(σ) = TN · γσ ⊆ XΣ.
It is known that O(σ) ∼= HomZ(σ
⊥ ∩M,C∗) ∼= TN(σ), where N(σ) = N/Nσ and
Nσ is the sublattice of N spanned by the points in σ ∩N , ([16, 21]).
For a fan Σ in NR, we denote by Σ(i) the set of the cones of dimension i in Σ.
So for any ray ρ ∈ Σ(1), we get a prime TN -invariant divisor Dρ = O(ρ) on XΣ.
Example 4.5. (1) Consider the fan Σ in NR = R
2 in Figure-1, where N = Z2 has
standard basis e1, e2. Then XΣ ∼= P
2 and the divisor Du1 = Du2 = Du0 which is
also the hyperplane divisor H.
(2) Consider the fan Σ in NR = R
2 in Figure-2. Then XΣ ∼= Fa which is the
Hirzbruch surface if a ≥ 0; in particular, XΣ ∼= P1 × P1 if a = 0. We also get that
the divisors Du1 = Du3 , Du2 = Du4 − aDu3 , so D3, D4 is a basis of the Picard
group. In the following, we denote Du3 and Du4 by P and Q respectively.
If XΣ is complete and simplicial, then CH
∗(XΣ)Q ∼= H
∗(XΣ,Q) as rings, [12, 21].
Let bi be the rank of CH
i(XΣ). Then bi is the 2i-th Betti number of XΣ.
Denote the set of the maximal cones in a fan Σ by Σmax.
Lemma 4.6. ([12, 21]) Let XΣ be a smooth complete toric variety. Then the groups
CH∗(XΣ) and K0(XΣ) ∼= G0(XΣ) are free abelian groups of rank |Σmax|.
Theorem 4.7 (hard Lefchetz theorem). ([5, 23]) Let X be a normal projective
variety of dimension n and ω ∈ H2(X,Q) be the class of an ample divisor on X.
Then we have the following:
(1) For all 0 ≤ i ≤ n, multiplication by ωn−i defines an isomorphism
ωn−i : Hi(X)Q → H
2n−i(X)Q.
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(2) For 0 ≤ i < n, multiplication by ω
ω : Hi(X)Q → H
i+2(X)Q
is injective.
It is easy to see that (2) follows from (1). Generally, for any variety X , an
element in H2(X,Q) which satisfies condition (1) of the hard Lefchetz theorem is
called a Lefschetz element.
4.2. Toric varieties. We have a simple observation.
Lemma 4.8. Let A be an m×m nilpotent matrix over C. Then the number and
the dimensions of the Jordan blocks in the Jordan canonical form of exp(A) are the
same as A, where exp(A) =
∑∞
i=0
Ai
i! .
Proof. A is a nilpotent matrix, then there exists a m × m invertible matrix P
such that PAP−1 = B = diag(J1, . . . , Js), where Ji’s are the Jordan blocks of
A, and the eigenvalues of A are zeros. P exp(A)P−1 = exp(PAP−1) = exp(B) =
diag(B1, . . . , Bs), where Bi = exp(Ji) for 1 ≤ i ≤ s. So we only need prove that Bi
has only one Jordan block.
It is easy to see that
Bi =

1 1 12 · · ·
1
(ji−1)!
1 1 · · · 1(ji−2)!
1 · · · 1(ji−3)!
. . .
...
1
 ,
where ji is the dimension of Bi. All the eigenvalues of Bi are 1, and it is easy to see
that Bi − Iji has rank ji − 1, where Iji is the identity matrix of dimension ji. So
Bi has only one eigenvector (1, 0, . . . , 0), the proof of this lemma is complete. 
Now we can prove our main result.
Theorem 4.9. Let XΣ be an n-dimensional smooth complete toric variety with
ample canonical divisor or anticanonical divisor. Let bi be the rank of CH
i(XΣ) for
0 ≤ i ≤ n and b−1 = 0. Then we have the following:
(a) The number of Jordan blocks of the Jordan canonical form of the Coxeter
transformation is b[n2 ].
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(b) The maximal dimension of the Jordan blocks in the Jordan canonical form
of the Coxeter transformation is n+ 1.
(c) The Jordan canonical form of the Coxeter transformation has bi−bi−1 Jordan
blocks of dimension n − 2i + 1 for any 0 ≤ i ≤ [n2 ], and these are all its Jordan
blocks.
(d) If the Jordan canonical form of the Coxeter transformation has ti (ti > 0)
Jordan blocks of dimension di for 1 ≤ i ≤ s and d1 > d2 > · · · > ds, then
(1) t1 = 1, n = d1 − 1.
(2){
b d1−di
2
= b d1−di+2
2
= · · · = b d1−di+1−2
2
= t1 + · · ·+ ti if 1 ≤ i ≤ s− 1,
b d1−ds
2
= b d1−ds+2
2
= · · · = b[n2 ] = t1 + · · ·+ ts if i = s.
Proof. For simplicity, we denote KXΣ by KX , which is the canonical divisor of XΣ.
We only need consider the case that the canonical divisor KX is ample, since
in the case that the anticanonical divisor is ample, we can consider the inverse
transformation of the Coxeter transformation and the Jordan normal form of a
transformation with eigenvalues 1 is the same as its inverse.
Since XΣ is complete and simplicial, we get that H
2i(XΣ,Q) ∼= CH
i(XΣ,Q) and
H2i+1(XΣ,Q) = 0 for 0 ≤ i ≤ n. So by hard Lefschetz theorem, we know that
Kn−2iX : CH
i(XΣ)Q → CH
n−i(XΣ)Q is isomorphic for 0 ≤ i < [
n
2 ].
Denote by θ : CH∗(XΣ)Q → CH
∗(XΣ)Q the linear transformation induced by
the intersection product with KX . Then θ is a nilpotent transformation and the
Coxeter transformation is exp(θ). By Lemma 4.8, we only need prove the results
for θ.
We know that CH0(XΣ)Q is one-dimensional. Let x
0
1 be a generator of CH
0(XΣ)Q.
Then the subspace spanned by {θix01|0 ≤ i ≤ n} is an invariant subspace of θ, its
dimension is n + 1. Since θix01 ∈ CH
i(XΣ) and CH
i(XΣ) ∩ CH
j(XΣ) = 0 for any
i 6= j, it is easy to see that θnx01 is an eigenvector of θ and {θ
ix01|0 ≤ i ≤ n} is the
longest chain which contains θnx01, so the Jordan block corresponding to θ
nx01 is of
dimension n+ 1.
From hard Lefschetz theorem, we know that θ : CHn−1(XΣ)Q → CH
n(XΣ)Q is
surjective, so Im(θ|CHn−1(XΣ)Q) = Span(θ
nx01) := Q(θ
nx01). Since dimCH
n(XΣ)Q =
1, we can choose a basis xn−11 , . . . , x
n−1
bn−1−1
of ker(θ|CHn−1(XΣ)Q), they are also eigen-
vectors of θ. Since θn−2 : CH1(XΣ)Q → CH
n−1(XΣ)Q is an isomorphism, there exist
unique x11, . . . , x
1
b1−1
in CH1(XΣ)Q such that θ
n−2(x1i ) = x
n−1
i for 1 ≤ i ≤ (b1− 1).
Thus for any 1 ≤ i ≤ (b1 − 1), {θ
jx1i |0 ≤ j ≤ (n− 2)} spans an invariant subspace
of θ, its dimension is n− 1 since θjx1i are linear independent for fixed i. It is easy
to see that {θjx1i |0 ≤ j ≤ (n − 2)} is also the longest chain which contains x
n−1
i .
So we get that the canonical form of θ has b1− b0 Jordan blocks of dimension n−1.
Do it inductively, one get that the canonical form of θ has bi − bi−1 Jordan blocks
of dimension n− 2i+ 1 for any 0 ≤ i ≤ [n2 ]. To prove that these are all its Jordan
blocks, we only need check the following equality:
[n2 ]∑
i=0
(bi − bi−1)(n− 2i+ 1) =
n∑
i=0
bi.
Notice that bi = bn−i from the Poincare duality or hard Lefschetz theorem.
COXETER TRANSFORMATIONS OF THE DERIVED CATEGORIES OF COHERENT SHEAVES13
Case 1: n is odd. The left hand side is equal to
∑[n2 ]
i=0 2bi. The right hand side
is equal to
(n− 2[
n
2
] + 1)b[n2 ] +
[n2 ]−1∑
i=0
((n− 2i+ 1)− (n− 2(i− 1) + 1))bi = 2b[n2 ] +
[n2 ]−1∑
i=0
2bi
since b−1 = 0. The equality is valid.
Case 2: n is even. This case is similar to Case 1. The left hand side is equal to∑[n2 ]−1
i=0 2bi + b[n2 ]. The right hand side is equal to
(n− 2[
n
2
] + 1)b[n2 ] +
[n2 ]−1∑
i=0
((n− 2i+ 1)− (n− 2(i− 1) + 1))bi = b[n2 ] +
[n2 ]−1∑
i=0
2bi
since b−1 = 0. The equality is valid. So we get (c). Now, (a) and (b) are trivial.
For (d), if the Jordan canonical form of the Coxeter transformation has ti Jordan
blocks of dimension di for 1 ≤ i ≤ s and d1 > d2 > · · · > ds, then from (a), (b)
and (c), it is easy to see that t1 = 1, n = d1 − 1. For the last statement, by (c),
we know that di = n − 2ji + 1 (1 ≤ i ≤ s) for some integer ji ≥ 0. The formula
in (2) make sense since d1 − di is even for any 1 ≤ i ≤ s. If the Betti numbers bi
are as (2) shows, then we can check directly that the Jordan canonical form of the
Coxeter transformation has ti (ti > 0) Jordan blocks of dimension di. So we only
need prove that the Betti numbers are unique. If there exist b′i such that they also
satisfy the requirement, then b0 = b
′
0 = 1. We denote
k = max{j|bi = b
′
i, for any 1 ≤ i ≤ j ≤ [
n
2
]},
where n = d1 − 1. So k ≥ 1. If k 6= [
n
2 ], then either bk+1 6= bk or b
′
k+1 6= b
′
k.
For simplicity, we assume that bk+1 6= bk. Then the Jordan canonical form has
bk+1 − bk Jordan blocks of dimension n − 2k − 2. By (c), we must also get that
b′k+1− b
′
k = bk+1− bk. But bk = b
′
k, so b
′
k+1 = bk+1. Contradict to our assumption.
So the Betti numbers bi are unique.
The proof is complete. 
Remark 4.10. From the proof, we know that the above theorem is also valid if the
canonical bundle of a smooth complete toric variety is a Lefschetz element. So an
interesting question is when this condition holds.
The following example shows that there exist smooth complete varieties of di-
mension greater than 2 with neither ample anonical nor ample anticanonical divisor
also have the same properties as Theorem 4.16 says.
Example 4.11. Let X be the blow-up of P3 at two fixed points under the action
of the torus. It is easy to check that neither the canonical nor the anticanonical
divisor of X is ample. Notice that X is also a toric variety with fan Σ generated
by the columns of the following matrix 1 0 0 −1 −1 00 1 0 −1 0 −1
0 0 1 −1 0 0
 .
Denote the cone generated by the i-th column by τi. Then the maximal cones in Σ
are Cone(τ1, τ2, τ3), Cone(τ1, τ2, τ4), Cone(τ2, τ4, τ5), Cone(τ3, τ4, τ5), Cone(τ2, τ3, τ5),
Cone(τ1, τ3, τ6), Cone(τ3, τ4, τ6) and Cone(τ1, τ4, τ6).
Let Di be the divisor corresponding to the one-dimensional cone generated by
the i + 1 column for 0 ≤ i ≤ 5. Then the Chow group CH∗(X)Q is generated
by D3, D4, D5 with the relations D3D4 + D
2
4 = 0, D3D5 + D
2
5 = 0, D4D5 = 0,
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D33 +D
2
3D5 = 0, D
3
3 +D
2
3D4 = 0. So X,D3, D4, D5, D
2
3, D
2
4 , D
2
5, D
3
3 is a basis of
the Chow group. It is easy to get that −KX = 4D3+2D4+2D5. One can check that
the Jordan canonical form of the Coxeter transformation is J(1, 4)⊕J(1, 2)⊕J(1, 2).
Lemma 4.12. ([16]) Let Σ be a complete simplicial fan in NR ∼= R
n. Then the
Betti numbers of XΣ are given by
bk(XΣ) =
n∑
i=k
(−1)i−k
(
i
k
)
|Σ(n− i)|, (4-1)
where bk(XΣ) is the 2k-th Betti number.
Then we have the following corollary of Theorem 4.9.
Corollary 4.13. Let Σ be a complete smooth fan in NR ≃ R
n. If XΣ is a variety
with ample canonical divisor or anticanonical divisor, then the Jordan canonical
form of the Coxeter transformation has exactly
n∑
i=k−1
(−1)i−k
(
i+ 1
k
)
|Σ(n− i)|
many Jordan blocks of dimension n− 2k + 1 for any 0 ≤ k ≤ [n2 ].
Proof. By Theorem 4.9 and Lemma 4.12, we know that the Jordan canonical form
of the Coxeter transformation has exactly[
n∑
i=k
(−1)i−k
(
i
k
)
|Σ(n− i)|
]
−
[
n∑
i=k−1
(−1)i−k+1
(
i
k − 1
)
|Σ(n− i)|
]
(4-2)
Jordan blocks of dimension n− 2k + 1 for any 0 ≤ k ≤ [n2 ]. Then (4-2) is equal to[∑n
i=k(−1)
i−k
(
i
k
)
|Σ(n− i)|
]
−
[∑n
i=k(−1)
i−k+1
(
i
k − 1
)
|Σ(n− i)|
]
−|Σ(n− k + 1)|
=
{∑n
i=k(−1)
i−k
[(
i
k
)
+
(
i
k − 1
)]
|Σ(n− i)|
}
− |Σ(n− k + 1)|
=
[∑n
i=k(−1)
i−k
(
i+ 1
k
)
|Σ(n− i)|
]
− |Σ(n− k + 1)|
=
∑n
i=k−1(−1)
i−k
(
i+ 1
k
)
|Σ(n− i)|.

In the following, we compute the Jordan canonical form of the Coxeter transfor-
mation for lower dimensional toric Fano varieties.
From [32], we know that there are five toric Fano surface, also called toric Del
Pezzo surfaces. We give a list of the Jordan blocks of the Coxeter transformations
in the following.
Varieties Jordan blocks
P2 3
P1 × P1 3,1
P2 blown up in one point (the Hirzebruch surface F1) 3,1
P2 blown up in two points 3,1,1
P2 blown up in three points 3,1,1,1
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From [2] and [45], we know that there are 18 toric fano three-fold. We give a list
of the Jordan blocks of the Coxeter transformations in the following.
Type Varieties Jordan blocks
Type I P3 4
P(OP2 ⊕OP2(2)) 4,2
P(OP2 ⊕OP2(1) 4,2
Type II P(OP1 ⊕OP1 ⊕OP1(1) 4,2
P(OP1×P1 ⊕OP1×P1(1, 1) 4,2,2
P(OP1×P1 ⊕OP1×P1(1,−1) 4,2,2
P(O
P˜2(1)
⊕O
P˜2(1)
(l)) 4,2,2
P2 × P1 4,2
P1 × P1 × P1 4,2,2
Type III P˜2(1)× P1 4,2,2
P˜2(2)× P1 4,2,2,2
P˜2(3)× P1 4,2,2,2,2
Blow up of P1 on P(OP2 ⊕OP2(2)) 4,2,2
Blow up of P1 on P2 × P1 4,2,2
Type IV P˜2(2)-bundle over P1 4,2,2,2
P˜2(2)-bundle over P1 4,2,2,2
P˜2(2)-bundle over P1 4,2,2,2
P˜2(3)-bundle over P1 4,2,2,2,2
From [3, 40], we know that there are 124 toric Fano 4-folds.
4.3. Rational surfaces. Now, we consider rational surfaces.
By the classification of rational surfaces, for any given rational surface X , there
exists a sequence of blow-downs
X = Xt
bt−→ Xt−1
bt−1
−−−→ · · ·
b2−→ X1
b1−→ X0,
where X0 is either P
2 or some Hirzebruch surface Fa.
We fix such a sequence. Denote R1, . . . , Rt the classes of the total transforma-
tions on X of the exceptional divisors of the blow-ups bi. If X0 ∼= P
2, we get
H,R1, . . . , Rt as a basis of Pic(X) with the following intersection relations:
H2 = 1, H · Ri = 0, R
2
i = −1, Ri · Rj = 0 for any i, j and i 6= j. (4-3)
If X0 ∼= Fa, we get P,Q,R1, . . . , Rt as a basis of Pic(X) with
P 2 = 0, Q2 = a, P ·Q = 1, R2i = −1,
Ri · Rj = 0, P · Ri = Q · Ri = 0 for any i, j and i 6= j. (4-4)
See, e.g., [36].
The following lemma characterizes the canonical divisor and the Picard group of
the blow-up.
Lemma 4.14. ([26]) (1) Let f : X → Y be a dominating morphism between smooth
varieties such that dimX = dimY = n. Then
KX = f
∗KY + Rf ,
where Rf ≥ 0 is the ramification divisor of f .
(2) Let f : X˜ → X be a blow-up of X at a smooth subvariety Y of codimension
r ≥ 2, and let E be the exceptional divisor of the blow up. Then
Pic(X˜) = f∗Pic(X)⊕ ZE
16 CHEN AND LU
and
KX˜ = f
∗KX + (r − 1)E.
Lemma 4.15. Let X be a rational surface. Then the canonical divisor is a Lefschetz
element if and only if the rank of the Picard group is not 10.
Proof. There exists a sequence of blow-downs
X = Xt
bt−→ Xt−1
bt−1
−−−→ · · ·
b2−→ X1
b1−→ X0.
Case 1 X0 = P
2. By Lemma 4.14, we know KX = −3H +
∑t
i=1Ri since the
canonical divisor of P2 is −3H . From the intersection relations (4-3), we get that
K2X = (9− t)[pt].
But CHi(X)Q = 0 for i 6= 0, 1, 2, it follows that KX is a Lefschetz element if and
only if K2X 6= 0, which is equivalent to t 6= 9. Furthermore, H,R1, . . . , Rt is a basis
of Pic(X), so the rank of the Picard group is t+ 1 and then the result follows.
Case 2 X0 = Fa. Similarly, since the canonical divisor of Fa is (a − 2)P − 2Q,
we know KX = (a− 2)P − 2Q+
∑t
i=1Ri. From the intersection relations (4-4), we
get that
K2X = (8− t)[pt].
It follows that KX is a Lefschetz element if and only if t 6= 8. Furthermore,
P,Q,R1, . . . , Rt is a basis of Pic(X), so the rank of the Picard group is t + 2 and
then the result follows. 
Theorem 4.16. Let X be a rational surface.
(1) The number of the Jordan blocks in Jordan canonical form of the Coxeter
transformation of X is equal to rank(Pic(X)).
(2) If rank(Pic(X)) 6= 10, then the Jordan canonical form of the Coxeter trans-
formation has a Jordan block of dimension 3, the others are of dimension 1; oth-
erwise, the Jordan canonical form of the Coxeter transformation has two Jordan
blocks of dimension 2, and eight Jordan blocks of dimension 1.
Proof. By Lemma 4.15 and Remark 4.10, we get (1) and the first statement of (2).
For the second statement of (2), the matrix which represents the Coxeter trans-
formation is 12 × 12. If X is a blow-up of P2, by Lemma 4.15, we know t = 9
and CH1(X)Q has a basis H,R1, . . . , R9 since CH
1(X) ∼= Pic(X). It is easy to
see that CH0(X) and CH2(X) are one-dimensional and generated by [X ] and [pt]
respectively. So [X ], H,R1, . . . , R9, [pt] is a basis of CH
∗(X)Q. We denote by Ψ the
linear transformation induced by · chX(ωX) on the CH
∗(X)Q. It is easy to see the
Jordan blocks of Ψ has the same dimension as the Jordan blocks of Φ. By Lemma
4.14, we know KX = −3H +
∑9
i=1 Ri since the canonical divisor of P
2 is −3H .
From the intersection relations, we can get
chX(ωX) = 1− 3H +
9∑
i=1
Ri.
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The matrix of Ψ under the above basis is as follows
1 −3 1 1 1 1 1 1 1 1 1 0
1 0 0 0 0 0 0 0 0 0 −3
1 0 0 0 0 0 0 0 0 −1
1 0 0 0 0 0 0 0 −1
1 0 0 0 0 0 0 −1
1 0 0 0 0 0 −1
1 0 0 0 0 −1
1 0 0 0 −1
1 0 0 −1
1 0 −1
1 −1
1

.
It is easy to check that this matrix has two Jordan blocks of dimension 2, and eight
Jordan blocks of dimension 1.
If X is a blow-up of Fa, similarly, we get that t = 8 and X,P,Q,R1, . . . , R8, [pt]
is a basis of CH∗(X)Q. Also by Lemma 4.14, since the canonical divisor of Fa is
(a − 2)P − 2Q, we know KX = (a − 2)P − 2Q +
∑8
i=1Ri. From the intersection
relations, we get
chX(ωX) = 1 + (a− 2)P − 2Q+
8∑
i=1
Ri.
The matrix of Ψ under the above basis is as follows
1 a− 2 −2 1 1 1 1 1 1 1 1 0
1 0 0 0 0 0 0 0 0 0 −2
1 0 0 0 0 0 0 0 0 −(a+ 2)
1 0 0 0 0 0 0 0 −1
1 0 0 0 0 0 0 −1
1 0 0 0 0 0 −1
1 0 0 0 0 −1
1 0 0 0 −1
1 0 0 −1
1 0 −1
1 −1
1

.
It is easy to check that this matrix also has two Jordan blocks of dimension 2, and
eight Jordan blocks of dimension 1. So (2) is valid. 
Corollary 4.17. If a rational surface or a smooth complete toric variety X with
ample canonical or anticanonical divisor is derived equivalent to a finite dimensional
algebra A, then the Betti numbers of X are determined by the matrix −CtAC
−1
A .
Proof. Since X is derived equivalent to A, we know that the Jordan canonical form
of the Coxeter transformation ΦX is the same as that of −C
t
AC
−1
A . From Theorem
4.9 and Theorem 4.16, we know that the rank of CHi(X) is determined by the
matrix −CtAC
−1
A . For X is a rational surface or a smooth complete toric variety,
we know that bi = rank(CH
i(X)) = rank(H2i(X)) is the 2i-th Betti number. So
the Betti numbers of X are determined by the matrix −CtAC
−1
A . 
At the end of this section, we continue to consider the examples in Section 3.
Example 4.18. From Theorem 4.9, the Jordan canonical form of the Coxeter
transformation of Pn has only one Jordan block. Let A be the algebra in Example
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3.4. Then the Jordan canonical form of the Coxeter transformation ΦA has only
one Jordan block.
Example 4.19. Let A be the algebra in Example 3.5. Then the Jordan canonical
form of the Coxeter transformation ΦA has t + 1 Jordan blocks with only one of
dimension 3, and the others are of dimension 1 if t 6= 9. Otherwise, ΦA has t+ 1
Jordan blocks with two of dimension 2, and the others are of dimension 1 if t = 9.
5. Jordan canonical forms of tensors of matrices
To construct graded local Frobenius algebras over an algebraically closed field
k, it is important to find out Jordan canonical forms of tensors product of square
matrices, see [44]. In fact, it is known that any graded local Frobenius algebra is
of the form of Λ(φ, γ) = T (V )/R(φ, γ), where V is a finite dimensional k-vector
space, γ ∈ GL(V ), and φ : V ⊗n → k a k-linear map satisfying several conditions.
Further, if we decompose V as (V, γ) = ⊕i(Vi, γi), where Vi are invariant subspaces
of γ and γ|Vi = γi, then the conditions of φ can be described in terms of each
φi1...ir : Vi1 ⊗ · · · ⊗ Vir → k. Then we have to consider a Jordan canonical form of
γi1 ⊗ · · · ⊗ γir as an element in GL(Vi1 ⊗ · · · ⊗ Vir ).
From tensor product of matrices, we can define the operator ⊠ as follows
J(α, s)⊠ J(β, t) := Jordan canonical form of J(α, s) ⊗ J(β, t).
The explicit formula of this operator is as the following lemma shows.
Lemma 5.1. ([31]) The following holds for integers s ≤ t and α, β ∈ k:
J(α, s)⊠ J(β, t) =

J(0, s)⊕t−s+1 ⊕
⊕2s−2
i=1 J(0, s− [
i
2 ]) if α = 0 = β
J(0, s)⊕t if α = 0 6= β
J(0, t)⊕s if α 6= 0 = β⊕s
i=1 J(αβ, s+ t+ 1− 2i) if α 6= 0 6= β
.
In the following, we will generalize the above formula in Lemma 5.1.
Lemma 5.2. LetX and Y be two smooth complete toric varieties and πX : X×Y →
X, πY : X × Y → Y be the projections. Then
(1)K0(X×Y ) ∼= K0(X)⊗ZK0(Y ). In particular, rank(K0(X×Y )) = rank(K0(X))×
rank(K0(Y )).
(2) ωX×Y ∼= π
∗
XωX ⊗ π
∗
Y ωY , the right hand side is also denoted by ωX ⊠ ωY .
Proof. Because X and Y are two smooth complete toric varieties, from Lemma
4.6 and CH∗(X) ∼= H∗(X), CH∗(Y ) ∼= H∗(Y ), we know K0(X) ∼= H
∗(X) and
K0(Y ) ∼= H
∗(Y ). From the Ku¨nneth formula, we have
H∗(X × Y ) ∼= H∗(X)⊗Z H
∗(Y ).
But X × Y is a smooth complete toric variety, so K0(X × Y ) ∼= H
∗(X × Y ). Thus
(1) is valid.
(2) is direct from the definition of the canonical sheaf. 
So we get the following proposition.
Proposition 5.3. Let X and Y be two smooth complete toric varieties.
(a) Let {ai|i ∈ I, for some finite set I} and {bj|j ∈ J, for some finite set J}
be the eigenvalues of the Coxeter transformation of X and Y respectively. Then
{−aibj|i ∈ I, j ∈ J} are the eigenvalues of the Coxeter transformation of X × Y .
(b)If the Jordan canonical form of the Coxeter transformations of X and Y are⊕t1
i=1 J
X
i and
⊕t2
j=1 J
Y
j respectively, then the sizes and number of Jordan blocks in
the Jordan canonical form of the Coxeter transformation of X ×Y are the same as
that of
⊕t1,t2
i,j=1 J
X
i ⊠ J
Y
j .
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Proof. Denote n = dimX and m = dimY . Let ωX and ωY be the canonical
bundles of X and Y respectively. By Lemma 5.2, we know
K0(X × Y )Q ∼= K0(X)Q ⊗K0(Y )Q, and ωX×Y ∼= ωX ⊠ ωY . (5-1)
Let ΦX and ΦY be the Coxeter transformations of X and Y respectively. Then
ΦX and ΦY are induced by the functors −⊗ ωX [n− 1] and −⊗ ωX [m− 1] respec-
tively. Furthermore, ΦX×Y is the Coxeter transformation of X × Y induced by
−⊗ ωX×Y [m+n− 1]. Also let ΨX be the transformation induced by −⊗ ωX , and
the others are similar.
For any smooth complete toric varietyW , we knowK0(W ) ∼= H
∗(W ) as rings, so
for any α ∈ K0(W ), we also use α to denote the corresponding element in H
∗(W ).
We also use ΦW and ΨW to denote the induced transformation on H
∗(W ).
From the Ku¨nneth formula, we have an isomorphism of rings
H∗(X)⊗Z H
∗(Y ) ∼= H∗(X × Y ).
which maps α ⊗ β to the cochain cross product α × β. The ring structure on
H∗(X)⊗Z H
∗(Y ) is defined to be
(α⊗ β) ∪ (α′ ⊗ β′) = (−1)pq(α ∪ α′)⊗ (β ∪ β′),
if β ∈ Hp(Y ) and α′ ∈ Hq(X).
Notice that ΨX×Y acts on H
∗(X × Y ) as ∪(π∗1ωX ∪ π
∗
2ωY ) and ωX × ωY =
π∗1ωX ∪ π
∗
2ωY . So the induced transformation ΨX×Y acts on H
∗(X)⊗Z H
∗(Y ) as
∪(ωX ⊗ωY ). For any α⊗β ∈ H
p(X)⊗ZH
q(Y ), we get the induced transformation
ΨX×Y on H
∗(X)⊗Z H
∗(Y ) as follows:
ΨX×Y (α⊗ β) = (α⊗ β) ∪ (ωX ⊗ ωY )
= (−1)pq(α ∪ ωX)⊗ (β ∪ ωY )
= (α ∪ ωX)⊗ (β ∪ ωY )
= ΨX(α)⊗ΨY (β).
The third equality holds since for any smooth complete toric varietyW , ifHi(W ) 6=
0, then i is even.
Therefore −ΦX ⊗ΦY is the Coxeter transformation of X × Y under the isomor-
phisms (5-1). But −ΦX ⊗ ΦY has the same Jordan canonical form as ΦX ⊗ ΦY
except the eigenvalues. The proof is complete. 
In the following, we use Theorem 4.9 to generalize Lemma 5.1. Let
t∏
j=1
vrj =
n⊕
k=0
ckx
k, where n = −t+
t∑
j=1
rj , vn = 1 + x+ · · ·+ x
n−1. (5-2)
Then we have the following proposition.
Proposition 5.4. Let α1, . . . , αt 6= 0 and 0 < r1 ≤ r2 ≤ · · · ≤ rt be t integers.
Then
J(α1, r1)⊠ J(α2, r2)⊠ · · ·⊠ J(αt, rt) =
[n2 ]⊕
k=0
(J(α, n+ 1− 2k)⊕(ck−ck−1)),
where α =
∏t
i=1 αi and ck’s are given in formula (5-2) and c−1 = 0.
Proof. By Lemma 5.1, do it inductively, we can see that
J(α1, r1)⊠ J(α2, r2)⊠ · · ·⊠ J(αt, rt)
is a finite direct sum of some Jordan blocks and their eigenvalues are equal to α.
Since the Jordan canonical form of the tensor product of these Jordan blocks does
20 CHEN AND LU
not depend on α1, . . . , αt if they are all non-zero, we only need do it for αi = 1 or
−1 for 1 ≤ i ≤ t.
By Example 4.18, we know that the Jordan canonical form of the Coxeter trans-
formation of Pri−1 has only one Jordan block of dimension ri with eigenvalues
(−1)ri . From Proposition 5.3, we also know that the Jordan canonical form of the
Coxeter transformation of X = Pr1−1 × Pr2−1 × · · · × Prt−1 is the same as
J((−1)r1 , r1)⊠ J((−1)
r2 , r2)⊠ · · ·⊠ J((−1)
rt , rt),
except the eigenvalues.
From the Ku¨nneth formula, we know that the 2k-th Betti number of X is ck
where ck is as the formula (5-2) shows. By Theorem 4.9, we get that
J(α1, r1)⊠ J(α2, r2)⊠ · · ·⊠ J(αt, rt)
has (ck − ck−1) Jordan blocks of dimension (n + 1 − 2k) for 0 ≤ k ≤ [
n
2 ] since
n = −t+
∑t
j=1 rj is the dimension of X . 
Remark 5.5. Let A and B be two finite dimensional algebras with finite global
diemension over algebraically closed field k. Then the relation between the Jordan
canonical form of the Coxeter transformations of A, B and A⊗k B is the same as
Proposition 5.3 describes. In particular,
K0(A⊗k B) ∼= K0(A)⊗K0(B).
In fact, just as the proof of Proposition 4.16 in [15], we can prove the following.
Proposition 5.6. Let X, Y be two smooth projective varieties over k and A, B
be two finite dimensional algebras with finite global dimensions also over k. If
Db(X) ≃ Db(A) and Db(Y ) ≃ Db(B) induced by tilting bundles, then Db(X×Y ) ≃
Db(A⊗B).
Proof. Let E and F be the tilting bundles in Db(X) and Db(Y ) respectively which
induceDb(X) ≃ Db(A) andDb(Y ) ≃ Db(B). Then ExtiX(E,E) = 0 and Ext
i
Y (F, F ) =
0 for all i > 0, and HomX(E,E) ∼= A, HomY (F, F ) ∼= B. By Lemma 3.4.1 in [10],
we get that E⊠F generates Db(X×Y ). Applying the Ku¨nneth formula for locally
free sheaves on algebraic varieties, we get
HomX×Y (E ⊠ F,E ⊠ F ) ∼= H
0(X × Y, (E∨ ⊗ E)⊠ (F∨ ⊗ F ))
∼= H0(X,E∨ ⊗ E)⊗H0(Y, F∨ ⊗ F )
∼= HomX(E,E)⊗HomY (F, F ).
∼= A⊗B.
Since A and B has finite global dimensions, so is A⊗B.
Also applying the Ku¨nneth formula for locally free sheaves on algebraic varieties,
for any i > 0, we get
ExtiX×Y (E ⊠ F,E ⊠ F )
∼= Hi(X × Y, (E∨ ⊗ E)⊠ (F∨ ⊗ F ))
∼=
⊕
j+k=iH
j(X, (E∨ ⊗ E))⊗Hk(Y, (F∨ ⊗ F ))
∼=
⊕
j+k=i Ext
j
X(E,E)⊗ Ext
k
Y (F, F )
= 0.
The last equality holds since for any i > 0, either j > 0 or k > 0.
Therefore, E ⊠ F is a titling bundle in Db(X × Y ) and then Db(X × Y ) ≃
Db(A⊗B). 
Example 5.7. From [4], we know that Db(P1) is triangulated equivalent to Db(A),
where A = k( ~Q) and ~Q : ◦
a2
//
a1 // ◦ . So Db(P1 × P1) is triangulated equivalent
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to Db(A ⊗ A), where A ⊗ A ∼= k ~Q1/I and ~Q1 is the following quiver and I =
〈aicj − bjdi|i, j = 1, 2〉.
◦
c2
//
c1 // ◦
◦
a2
OO
a1
OO
b1
//
b2 // ◦
d1
OO
d2
OO
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